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Abstract

This paper investigates the placement of data and parity on redundant disk arrays. Declustered organizations have
been traditionally used to achieve fast reconstruction of afailed disk’s contents. In previous work, Holland and Gibson
identified six desirable properties for ideal layouts; however, no declustered layout satisfying all properties has been
published in the literature. We present a complete, constructive characterization of the collection of ideal declustered
layouts possessing al six properties. Given that ideal layouts exist only for a limited set of configurations, we also
present two novel layout families. PRIME and RELPR can tolerate multiple failures in awide variety of configura-
tionswith dight deviations from theideal. Our simulation studies show that the new layouts provide excellent parallel
access performance and reduced incremental |oads during degraded operation, when compared with previously pub-
lished layouts. For large accesses and under high loads, response times for the new layouts are typically smaller than
those of previously published declustered layouts by a factor of 2.5.

1 Introduction

A variety of applications, such as on-line transaction processing and scientific computing, require high throughput
from cost-effective storage subsystems. Disk arrays offer significant advantages over individual disks. By aggregating
multiple disk drives, arrays achieve better transfer bandwidths and potential reductions on seek and rotational latencies
due to smaller-sized individual drives. However, the reliability of a disk array decreases linearly with the number of
disk drives [15]—data can be irretrievably lost in a matter of days. Redundant information (e.g. parity) must thus be
stored in the array along with client data to enable recovery from disk failures.

In this paper we investigate array layouts, i.e. mappings of client data and redundant information onto the disks
of the array. A popular method is to organize the data into stripes. Each stripe contains a constant number of units,
all of the same size; each unit is mapped to contiguous sectors of the same disk, but different units of the same stripe
are mapped to different disks. If, for example, a single failure must be tolerated, all but one of the unitsin each stripe
will be data units containing client information. The remaining unit will be a check unit containing some form of
redundancy for the data units in the same stripe (e.g. their exclusive-or if parity encoding is used). If a disk becomes
unavailable, all stripe units mapped to it are recoverable by virtue of the redundancy in the scheme.

In declustering organizations (originally suggested by Muntz and Lui [14], and evaluated by Holland and Gib-
son [11]), each stripe is mapped to just & of the n disksin the array (where k < n), to achieve significant performance
improvements during both degraded operation and on-line disk reconstruction. These layouts rely on balanced incom-
plete block designs (BIBDs) [9], which are known to exist for only some array configurations, and may require the
storage of tables with O(k (7)) entries. Schwabe and Sutherland [16] introduced BIBD-based layouts for a restricted

Technical Report CS98-576, CSE, UCSD, February 1998.



subset of the possible configurations, as well as perturbations that yield layouts for other cases with a bounded degra-
dation in performance. Alvarez, Burkhard, and Cristian [2] presented layouts that compute on-the-fly mappings based
on complete block designs, instead of storing block design tablesin memory.

There are six desirable properties of declustered disk array layouts that can tolerate a single failure, originally
identified in [11]:

1. Singlefailurecorrecting: No two units of the same stripe are mapped to the same disk, to make recovery possible
fromasingle disk crash.

2. Distributed parity: All disks have the same number of check units mapped to them, to balance the accesses to
check units during writes or when afailure has occurred.

3. Distributed reconstruction: Thereis a constant such that, for every pair of disks, that constant number of stripes
have units mapped to both disks (to ensure that the accesses to surviving disks during on-line reconstruction are
spread evenly).

4. Large write optimization: Each stripe contains a contiguousinterval of the client’s data, to process awrite of all
(k — 1) data units without pre-reading the prior contents of any disk.

5. Maximal parallelism: Whenever a client requests a read of n contiguous data units, all n disks are accessed in
parallel.

6. Efficient mapping: The functions that map client addresses to array locations are efficiently computable, with
low time and space requirements.

A layoutisideal if it satisfies all six properties. To the best of our knowledge, no previously published declustered
layout isideal. The BIBD-based layouts presented in [11, 16] satisfy the first three properties; and depending on how
the client data units are mapped to the stripes, they can be made to satisfy either large write optimization or maximal
parallelism, although it was not known how to satisfy both simultaneously. Holland [12] studied the problem of re-
arranging the placement of client data units to achieve better parallelism while maintaining large write optimization,
although he did not achieve maximal parallelism. The time requirement to compute a BIBD-based mapping is reason-
ably small, although the space requirement depends on the size of the BIBD table, which in turn depends on the values
of n and k.

It is natural to wonder whether ideal layouts actually exist. The first result of this paper gives a complete, con-
structive characterization of the combinations of k£ and n that allow ideal layouts. With the exception of three special
cases, ideal layoutsare possibleonly whenk = n, k = n — 1, or k = 2. Moreover, for al casesin which ideal layouts
are impossible, we use only the first five properties to prove impossibility. This result gives a formal explanation for
the difficulties encountered previously in trying to achieve properties 4 and 5 simultaneously in BIBD-based layouts.

Because ideal layouts are possible only for very limited choices of k£ and n, it is reasonable to ask what can be
achieved if some of the propertieshold only approximately. Another contribution of this paper is to present near-ideal
layouts that do not require storing any table in controller memory. The novel layouts use different strides between
consecutive stripe units; that is, if s denotes the stride and unit a in the client’s address space is mapped to disk
d, then unit (a + 1) will be mapped to disk (d + s) mod n. This construction was originally presented in [17],
and independently rediscovered in [1]. For any prime n and any k, the PRIME family of layouts satisfies all of the
properties except maximal parallelism, and moreover, during large reads each disk will read at most one more unit
than the optimal. These layouts are based on well-known BIBDs [10, 16]. For general n and k, the RELPR layout
family differs from ideal in two ways: there can be an imbalance of at most one unit during large reads as before,
and the reconstruction workload is not perfectly uniform for nonprime n. We provide a bound on the reconstruction
workload for general n.

Independent of these considerations, there are numerous reasons for considering architectures capable of tolerating
multiple concurrent failures[2, 3, 4, 7]. For example, there may be latent sector errors[19] that are discovered when
the array already has suffered a failure and thus cannot tolerate another one, or communication failures that render
disks inaccessible in network striping approaches [8]. The PRIME and RELPR layouts can tolerate multiple failures,
by keeping the necessary number of check unitsin each stripe. In the case of layouts that tolerate multiple failures, we
refer to the distributed parity property as distributed check information.

We evaluated the performance of PRIME and RELPR by running a suite of experiments on an accurate disk array
simulation tool [6], for a variety of workloads and failure scenarios. The performance of our layouts was compared



with RAID-5[15] and Parity Declustering [11]. The comparisons show that the layouts presented in this paper provide
the same performancefor small accesses. For large enough accesses, our layouts achieve more than twice the through-
put of their competitors under high loads; for smaller accesses, our layouts provide better performance for light loads,
and dlightly worse performance for high loads.

Section 2 lists our basic definitions and assumptions. Section 3 presents the characterization of the layouts that are
ideal. Section 4 introduces our near-optimal layouts PRIME and RELPR. We evaluate the performance of our layouts
in Section 5. Finally, we draw some conclusionsin Section 6.

2 De€finitions

There are four parameters for a declustering layout: the number of disk drivesn > 2, the number of units per stripe
k < n, the number of stripes b, and the number of stripe units per disk . It follows that both bk and nr count the
total number of stripe units, so bk = nr. One other parameter is necessary to characterize the level of failuretolerance
to be provided: let m denote the number of client data units per stripe. Typically, a minimum of m (data or check)
units suffices to reconstruct all unitsin the stripe. We will occasionally refer to f = k& — m, the maximum number of
failuresthat can betolerated simultaneously. Incasem = k—1 (i.e. f = 1), wehavethetraditional single-disk-failure
tolerating layouts. Each stripe consists of m client data units and f check units. In practical situations there is also
a need to determine the size of each unit. This problem has been investigated in [5]; since the validity of the formal
resultsin this paper isindependent of this parameter, we will not discussit in what follows.

Each client data unit is named by an address a intherange 0 < a < mb. Each unit within a stripe has an
address (s,u), where s is the stripe name with 0 < s < b and  is the stripe unit name with 0 < « < k. Since the
names of the stripe units are arbitrary, we assume the check units are the last units of the stripe, i.e. that the names
(s,k = f),...,(s,k — 1) correspond to check units for all s. Each location has also an address within the disk array,
(d, p) where d is the name of the disk with 0 < d < n, and p isthe offset withinthe disk with0 < p < r.

A layout is specified by a function stripe mapping client data addresses one-to-one onto stripe addresses of data
units, and afunction array mapping stripe addresses one-to-one onto array addresses:

stripe : {0,1,...,bm —1} — {0,1,...,6—1} x{0,1,...,m —1}
array : {0,1,...,b0—1} x {0,1,...,k—1} — {0,1,...,n—1} x{0,1,...,r —1}

That is, stripe(a) = (s, u) meansthat client data unit a is mapped to stripe unit (s, «) and array((s,u)) = (d, p)
means that stripe unit (s, «) is mapped to array location (d, p). By composing these two functions, we can extend
array to map client data units to array locations, for example, array(a) = array(stripe(a)). It will also be convenient
to break array into two components, one for the disk name and one for the offset. That is, the functions disk and offset
are such that:

array(a) = (disk(a), offset(a))
array((s,u)) = (disk(s,u),offset(s,u))

It is straightforward to precisely define the first five desirable properties from Section 1, in terms of the notation
introduced above. We refer the interested reader to the Appendix for the details. A layout is placement-ideal if it
satisfies the first five properties. The “efficient mapping” property is more difficult to define formally than the other
five; however, mappings for both the novel layouts presented here and previous declustering layouts [11, 16] can be
computed with O(1) arithmetic operations. The previously cited table-based layouts require O(k (};)) storage, while
our layouts require no tables. Optionally, it may be desirable to store asingle table containing at most (n — 2) integers
to speed up RELPR’S mappings.

A layout with parametersn, k, r for larger istypically obtained by first obtaining alayout n, k, ' for some smaller
' and then repeating the layout several times[2, 11]. When r is not amultiple of 7', the uniformity properties of the
small layout may not be preserved exactly; although the discrepancy is small if /' islarge.

For positive integers z and y, the notation |y meansthat z dividesy (i.e., y = zx for some integer z).



3 Ideal Layouts

This section focuses on single-failure-tolerating schemes. Our results regarding placement-ideal layouts follow from
a sequence of two lemmas and a theorem. See the Appendix for the proofs of this and the other results in this paper?.

Lemma 2 If a layout has the maximal parallelism property, then there is a way to name the disks 0, 1,...,n — 1 such
that disk(a) = a mod n for every address a of client data.

A consequence of this lemmais that repeating an ideal layout produces an ideal layout. The next lemma states
that, for some naming of the stripe units, client stripe units with addressesin the order (0, 0), (0,1),..., 0,k —
2),(1,0),(1,1),...,(1,k —2),(2,0), ... must be mapped to the disks in round-robin order.

Lemma 3 If a layout has the large write optimization and maximal parallelism properties, then (for some naming of
the disks and the stripe units) the mapping of stripe data units to disks is given by disk((s,u)) = ((k—1)s+u) mod n
forall swith0 <s < bandalluwith0 <wu < k — 1.

Actually, Lemmas 2 and 3 hold in general for f > 1, with (k — 1) replaced by m in Lemma 3. From the two
lemmas, the large write optimization and the maximal parallelism properties together determine how stripe data units
are mapped to disks. For every placement-ideal layout, this mapping is fixed; the only freedom is in the mapping of
check units, and in the offsets within each disk.

Our characterization of when placement-ideal layouts are possibleis:

Theorem 5 There is a placement-ideal layout with parameters n, k, r if and only if
klrand (n — 1)|(r(k — 1))

and one of the following holds: i) k = n, i)k =n — 1,iii) k = 2,iv) k=3 andn =5o0r 7,
VVk=4andn =7.

For example, the case with &k = n is well known: the left-symmetric RAID-5 layout [13] is placement-ideal,
with r = k = n. For case (v) in the theorem, here is a placement-ideal layout with n = 7andk = 4. Each
column corresponds to a disk (beginning with disk O for the leftmost column), and each row corresponds to an offset
within the disks starting from 0 at the top; Ds.u denotes data unit « for stripe s, and C's denotes its check unit.

D0.0 DO0.1 D0.2 D1.0 D1.1 D1.2 D2.0
D2.1 D2.2 D3.0 D3.1 D3.2 D4.0 D4.1
D4.2 D5.0 D5.1 D5.2 D6.0 D6.1 D6.2
C1 Cob C4 C2 Co C5 C3

Note that, according to Lemma 2, client addresses are mapped to disks in round-robin order. All placement-ideal
layouts constructed in Theorem 5 have » < 2n rows (which compares quite favorably with previous block-design-
based layouts [11, 16]), and admit mappings that require a few arithmetical operations and no table storage. Instead
of being intermixed with data units, check units are clustered together at regular intervals (c.f. the last row of the
example); thisis common to all layouts presented in this paper.

Because the mappings are efficiently computable in all cases for which placement-ideal layouts exist, it can be
stated at an informal level that Theorem 5 holds with “ideal” in place of “placement-ideal”.

4 Almost Ideal Layouts

We investigate how the situation changes if some of the desirable properties are alowed to hold only approximately.
When n is a prime number, the PRIME layouts satisfy five of the six properties, and the parallelism property very
close to the optimal. For general n, the RELPR layouts satisfy four of the six properties, with a slight degradation in
parallelism and distributed reconstruction. Both layouts can tolerate multiple failures.

1The numbering of our resultsin the body of the paper follows the numbering in the Appendix.



41 PrivE

For prime values of n, the PRIME layout family is very closeto ideal by relaxing slightly the parallelism property. For
alayout L we definethe function 7, (o), the parallel read count, to be the maximum number of data units that any disk
must supply when reading any o consecutive units of client data. It is easy to seethat, for any accesssize1 < o < bm,
it must bethat 77, (o) > [o/n]. Say that alayout L has optimal parallelism if 7, (o) = [o/n] for al such o. It follows
from Lemma 2 that alayout has maximal parallelism as defined in Section 1 if and only if it has optimal parallelism.

The layout is obtained from the ring-based block designs of Schwabe and Sutherland [16]; the new observation
is that client data can be mapped to stripes so that the parallel read count is ailmost optimal. In this construction,
each stripe now has a name of the form (z,y) where0 < z,y < nandy # 0. There are n(n — 1) stripesin
the layout; of course, we can repesat the layout to fill the disks. The stripe with name (z,y) has disks in the set
{(x+iy)modn|0<i<k}.

To compute our mapping of client data units a to array locations, we first calculate

a
;= {%J . )
That is, z issuch that a liesin the z!" iterations of mn consecutive client data unit addresses.
y = (zmod(n—-1))+1 2
disk(a) = ay modn 3
offset(a) = l|a/n|+ fz. 4

When tolerating f failures, we have f check units per stripe. The location of check unit i with 0 < i < f, for the
stripe that contains client address a is computed as:

check-disk;(a) = (((la/m] + 1)m +1i)-y) mod n (5)

check-offset;(a) = (z+1)k—f+i (6)

Asan example, forn = 5, k = 4 and f = 2 we have the following layout (where C's.i denotes check unit i of
stripe s):

D0.0 D0.1 D1.0 D1.1 D2.0
D2.1 D3.0 D3.1 D4.0 D4.1
C4.0 C2.0 C0.0 C3.0 CL.0
Cl.1 Ca.1 C2.1 C0.1 C3.1
D5.0 D6.1 D5.1 D7.0 D6.0
D7.1 D9.0 D8.0 D9.1 D8.1
C9.0 C8.0 C7.0 C6.0 C5.0
C6.1 C5.1 9.1 C8.1 C7.1

D10.0 D11.0 D12.0 D10.1 D111
D12.1 D13.1 D14.1 D13.0 D14.0
C14.0 C10.0 C11.0 C12.0 C13.0
Ci11 Ci2.1 C13.1 C14.1 C10.1
D15.0 D17.0 D16.1 D16.0 D15.1
D17.1 D19.1 D19.0 D18.1 D18.0
C19.0 C16.0 C18.0 C15.0 C17.0
C16.1 C18.1 C15.1 C17.1 C19.1

The structure of this double-failure-tolerant instance of PRIME is as follows. Ther = k(n — 1) = 16 rows are
subdivided inton — 1 = 4 iterations of £ = 4 rows each. In thefirst iteration we havey = 1, i.e. the next data unit
is always in the next disk modulo n. Within the second iteration y = 2, thusif data unit a isin disk d, then data unit
(a + 1) isindisk (d + 2) mod n. The value of y is constant in each iteration, and can be interpreted as the stride
between consecutive client data units. In turn, each iteration contains m = 2 rows of data units, followed by f = 2
rows of check units. Within the group of check rows, the i-th row contains the i-th check unit of every stripe in the
iteration. The i-th check unit of stripe s is mapped to the same disk as the i-th unit of stripe (s + 1).

PRIME is very close to an ideal layout; its only deviation from optimality is that, during large reads, some disks
may supply at most one data unit more than the optimal. Formally, its properties are:

Theorem 7 For every prime n, every k with 2 < k < n, every f with 0 < f < k and every r such that (k(n —
1))|r, the layout PRIME is f-failure correcting, has optimally distributed check information, has optimally distributed
reconstruction for a single failure, has large write optimization, and has parallel read count 7(0) < [o/n] + 1 for all
0.



4.2 RELPR

PRIME may map two units from the same stripe to the same disk if n is not prime. One solutionisto restrict all strides
to be relatively prime to n. We call this layout RELPR (for relatively prime). The number of stripesin the layout is
b =n - ¢(n), where ¢ (Euler’s tatient function) counts the number of positive integers less than n that are relatively
primeto n. The mapping is alittle more complicated than before when ged(n, m) > 1.

RELPR is based on a relaxation of the distributed reconstruction property. For layouts that satisfy this property
optimally, there is a number A such that every pair of disks share exactly A stripes. The number )\ is often expressed
as a fraction « = A/r of the number of units on adisk. If alayout has optimally distributed reconstruction, then
aopt = (K —1)/(n —1). In general, for layouts that do not have optimally distributed reconstruction, Schwabe and
Sutherland [16] define the reconstruction workload «, of alayout L to be the maximum, over all disksd and d’, of
the fraction of disk d' that must be read to reconstruct disk d. We prove that ageipr (n, k) < (K — 1)/¢(n) in the
Appendix. Thus, the worst-case deviation from the optimal is

QRelpr (n7 k) (n - 1)
< . 7
o B) ) ¥
Asdescribed in Section 5.3, the actual deviation from optimal is significantly smaller than this bound for many values

ofnandk. LetY = {yo,y1,---,¥p(n)—1 |
0 <y <nAged(y,n) =1for0 <1 < ¢(n) },and g = ged(n, m). The client data unit with address a is mapped

asfollows:
a
= |= 8
s = | =] )
[ = zmod ¢(n) ©)
a
j = |———| modyg (10)
{m - (n/ g)J
disk(a) = (a+j)y; modn (12)
offset(a) = |a/n|+ fz (12
Check uniti with0 < i < fisat:
check-disk;(a) = (((la/m] +1)m+i+j)
-y;) mod n (13)
check-offset;(a) = (z4+1)k—f+i (14)
These formulasreduce to PRIME’s location functionswhen n is prime. We show an exampleforn = 6,k =3, f = 1:
DO0.0 D0.1 D1.0 D1.1 D2.0 D2.1
D5.1 D3.0 D3.1 D4.0 D4.1 D5.0
C2 C5 co C3 C1 C4
D6.0 D8.1 D8.0 D7.1 D7.0 D6.1
D11.1 D11.0 D10.1 D10.0 D9.1 D9.0
Cc8 C10 Cc7 c9 Co Ci1

RELPR’s structure is similar to PRIME’s. However, there are only ¢(n) iterationsin the layout in this case (when n is
aprimenumber, ¢(n) = n — 1 asin the case of PRIME). So the strides that can be used are the elements of Y.

For thislayout, we haver = k - ¢(n). RELPR deviates from the ideal in two ways: it can have parallel read count
of at most one more than the optimal, and the reconstruction workload is not uniformly distributed.

Theorem 9 For every n, every k with 2 < k& < n, every f with 0 < f < k, and every r such that (k - ¢(n))|r, the
layout RELPR is f-failure correcting, has optimally distributed check information, has large write optimization, has
reconstruction workload bounded above by (k — 1)/¢(n) for a single failure, and has parallel read count (o) <
[o/n] + 1forall o.

5 Performance
We compare the performance of our layouts with Parity Declustering [11] and RAID-5 [15]. Parity Declustering was

chosen as a typical representative of BIBD-based layouts;, RAID-5 satisfies the maximal parallelism optimally, even
thoughiit is not a declustered layout.



Workload

Accesssize: Fixed at 8, 48, 120, 192 KB
Concurrency: From 1 to 20 simulated clients
Alignment: 8 KB (stripe unit boundary)
Random accesses uniformly distributed over all data
Array
Stripe unit: 8KB
Data layouts: PRIME

Parity Declustering
Left-symmetric RAID-5
Number of disks, n: 13

Stripe width, &: Prime, Parity Declustering: 4 units
RAID-5: 13 units
Disk (HP 2247)
Capacity: 1.03GB
Geometry: 1981 cylinders, 13 heads, 8 zones

Average seek time: 10 ms.
Rotational speed: 5400 RPM (11.12 ms./rev.)
Head scheduling: SSTF on 20-request queue

Table 1: Simulation parameters.

Our experiments were run on RAIDframe [6], a disk array architecture testbed for run-time performance evalua-
tion. RAIDframe and its predecessor Raidsim have been used a number of times in the literature [2, 6, 11]. Table 1
shows the parametersfor the array and disk simulator. In each experiment, the workload serviced by the array consists
of interleaved streams of fixed-size logical accesses of the same type (read or write), originated by a fixed number
of simulated clients. Workloads are synthetic: each simulated client generates an independent logical access starting
at arandom location with uniform distribution, blocks until the array servicesit, and immediately repeats the cycle.
Logical accesses span an integer number of stripe units, and are aligned to a stripe unit’s boundary. Traces or synthetic
workloads with amore realistic access mix would be a better predictor of the performance of the arraysin areal situa-
tion. However, our goal is to analyze the strengths and weaknesses of the three examined architectures with respect to
each other. Several subtle interactions and tradeoffs would have been considerably more difficult to understand with
less homogeneous workloads.

Logical accesses are trandated by the array controller into sets of physical accesses on the individual disks. Our
simulated arrays always have 13 disks. Usable storage capacity varies according to the layout: RAID-5 uses 7.7% of
the disks for parity, while PRIME and Parity declustering have a parity overhead of 25% in our configuration. RAID-5
and Parity Declustering can tolerate one failure by definition; the configuration of PRIME used in our experiments can
tolerate a single failure as well. Each disk controller performs dynamic request reordering, following the shortest-
seek-time-first (SSTF) policy to choose the next request to be serviced from the disk’s queue.

Our principal performance metric is average response time: the average time elapsed from the moment a client
requests a logical access, to the moment the array completes the access. Given that both the number of clients and
the size of logical accesses are fixed during each experiment, throughput can be easily calculated from the response
times reported here: Throughput = Request_Size * Number _of _Clients / Response_Time. Experiments run until the
measured average response time is within 2% of the true average with 95% confidence. Additional experiments for
non-prime values of n showed that the only differences in response times between PRIME and RELPR are due to the
different array sizes—as predicted by our theoretical results. Therefore, we discuss the performance of PRIME in the
remainder of this section, asit is very similar to RELPR’S.

For agiven logical access!, we define the working set size as the number of disks that have to perform at least one
physical accessin order to process!. Figure 1 showsthe averageworking set sizefor thethreelayouts, for four different
accesssizes: 1, 6, 15, and 24 consecutive stripe units. For each access size we consider reads and writes separately, and
for each access type we consider both failure-free and degraded modes (when one disk has crashed and has not been
reconstructed). RAID-5 satisfies the maximal parallelism property optimally; as discussed in Sections 4.1 and 4.2,
PRIME has a maximum deviation of one from the optimal and Parity Declustering does not even satisfy the relaxed
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Figure 1. Average working set sizes. Computed by averaging the working set sizes for logical accesses starting at
every possible offset in the array. The prefix “ff” denotes failure-free mode, while the prefix “f1” meansthat asingle
disk has crashed.

constraint. This can be observed in Figure 1: for failure-free reads when no parity unit must be accessed, working
sets for RAID-5 are larger than for PRIME. In turn, working sets for PRIME are larger than for Parity Declustering.
Thisisalso truefor the other three cases. RAID-5 peaks out at the maximum possible values (13 disks for failure-free
mode, 12 disks for degraded mode) for smaller access sizes than the other layouts. In fact, Parity Declustering does
not reach these maximum values for any read size in the figure. Since the average number of physical accesses per
logical access is the same for any declustered layout with the same values of n and &, layouts with smaller working
sets map more accesses to each disk. Accesses mapped to the same disk are serviced serialy in some order; therefore,
larger working sets imply fewer serialized requests.

5.1 Reads

Figure 2 shows the response times for failure-free read accesses. In the 8KB case, performance is very similar for
the three layouts. However, we observe the following behavior for larger accesses: Parity Declustering is slower
than Prime when the array is lightly loaded, but as load increases the curves eventually cross and Parity Declustering
becomes faster. For 48KB, Parity Declustering is up to 27% slower than Prime for low and medium access rates, but
Prime becomes 7.5% slower than Parity Declustering for the highest load.

This effect occurs for al failure-free reads smaller than 120KB. To understand it, we need to look at the head
positioning overhead in detail—in particular, seek overhead. Figure 3 shows the average number of seeks per logi-
cal access measured during our simulations. Seek counts are largely independent of the request arrival rate. Parity
declustering results in fewer seeks than PRIME for access sizes smaller than 120K B; from that point on, PRIME has
asmaller seek overhead, and the difference increases with the access size. Therefore, the point after which PRIME is
doing fewer seeks than Parity Declustering is the same point after which response time curves do not cross anymore.

To analyze this seek count inversion in greater detail, we classify seeks into two varieties. Local seeks occur
between physical accesses caused by the same logical access, while non-local seeks occur between physical accesses
caused by different logical accesses. We define alocality asthe set of disk addresses of all physical accesses caused by
the same logical access and mapped to the same disk. Because the starting addresses of logical accesses are uniformly
distributed over the address space of the array, most switches between different localities require a non-local seek
in our experiments. Figure 4 refines the seek counts for the failure-free case. Local seeks are further categorized
according to whether there was a head switch to another surface within the same cylinder (incurring a resettling time
of 0.8 ms. in our simulation) or if the head ensemble was actually moved to the adjacent cylinder (2.9 ms.). All local
seeks belong to one of the two categories in the experiments discussed here.

Even though they were measured independently, the numbers of non-local seeks in Figure 4 and the working set
sizes from Figure 1 are equal. Thisis because non-local seeks occur when, and only when, a disk has to service the
first physical access for a particular logical access. Because of the SSTF head scheduling policy, disks seldom leave
alocality before all its accesses are finished. Therefore, the layout with the larger working set (PRIME) incurs more



36 160
34 Prime ——
% 32 | Parity Decl. —— ‘G 1407
£ 30 | RAID-5 & E 120!t
@ @
E 287 E 100 |
S o6 | =
® ®
g 24 g 80
S 22 & 60t
O o0 | ] O
o 8KB (1 unit) @ 40t
18 1 -
16 : : : : : 20 e : : : :
0 100 200 300 400 500 600 20 40 60 80 100 120 140 160
User accesses/sec User accesses/sec
300 — 450 : : : :
400 r 7
5 207 ¥ 350 |
E E
o 200 r o 300
1S 1S /
= = 250 /
o 150 ¢ "' 192KB (24 units) /
2 120KB (15 units) @ 200 | ( )
§ 100 § 150
¢ 50| g 19071
e 50 [ o
25 30 35 40 45 50 55 60 65 70 75 25 30 35 40 45 50 55 60
User accesses/sec User accesses/sec
Figure 2: Read response times: Failure-free mode.
20— 26 3% w0 a1 45, &% 4 s0 y I A B B R B S
- 19 192KB accesses "E 19 — 192KB accesses
S17+ 5 0 a7 ) 3 17
3 (- 48 N 75 5% % o 310w 43 e @ Yo sl 5
:‘) 15— 4 2 52 55 61 64 69 71 <5 15 — 4 s 52 5T 60 64 66
S | :;—&—~7 77.7777'77A747———0 77' b} | L * )
S B o s s 3 R o 120KB accesces ‘_g Be e “62 6 o8
= 11 — . s 11 - ] 120KB accesses
s Prime & Prime
e 97 - Parity Declustering e Parity Declustering
<)
o T u 64 87 9% ur w1 = 7 4 61 83 90 105 112 123 131
L 5| 3 61 86 94 112 120 135 144 = 5| 3 59 82 89 105 112 124 132
= 48KB accesses
= 48KB accesses o
Z 3 8KB accesses 2’ 3 8KB accesses
55 104 194 231 329 383 488 567 n 54 102 184 218 304 350 433 494
1+ 55 106 193 229 333 385 493 570 1 54 102 182 219 308 351 434 492
[ | [ [ [ [ [ [ | [ [ [ [ [ [
1 2 4 5 § 10 15 20 1 2 4 5 § 10 15 20

Figure 3: Read seek counts. These plots show the average number of seeks per logical access, for both failure-free
and degraded modes, as a function of the number of clientsissuing concurrent requeststo the array. Each datapoint is
labeled with the average number of logical accesses per second sustained during each experiment.
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non-local seeks during the execution. However, the number of local seeks grows much faster with access size for
Parity Declustering than for PRIME. The total seek count is the sum of the number of local and non-local seeks, and
120 KB is precisely the smallest access size for which the difference in the number of local seeks more than offsets
the non-local seek disadvantage of PRIME.

At 8KB per stripe unit, the actual data transfer time is negligible compared with the head positioning overhead.
Therefore, the layout incurring the smaller number of seeks has smaller response times. Thereis an exception to this
rule: when the array is experiencing alight load, disks are relatively idle and can respond to access requests within a
short timeinterval. In thiscase, alarger working set implies better performance becauseit takes better advantage of the
available bandwidth by performing more parallel accesses. Asthe load increases, it becomesincreasingly more costly
to involve al the disks that must cooperate to service a logical access, and the seek count determines the response
times. We seein our results that PRIME has better performance than Parity Declustering for light and moderate loads,
even in the caseswhere Parity Declustering is doing fewer seeks. For accesses of 120K B or larger, PRIME has superior
performancefor every load, asit has a (sometimes considerably) smaller seek count in addition to larger working sets.
For accesses of 192K B, Parity Declustering is 178% slower than PRIME for one client; the differenceis 166% for the
maximum of 20 clients.

Similar arguments can be made for degraded-mode reads. The only differences in the relative performance of
PrRIME and Parity Declustering are quantitative. The same considerations apply to RAID-5. Compared to PRIME,
RAID-5 has better performance in failure-free mode because it satisfies the maximum parallelism property opti-
mally. However, when considering degraded-mode operation, RAID-5's performance degrades significantly. In non-
declustered layouts, every time aread is attempted from afailed disk, it is necessary to read unitsfromall (n — 1) disks
to reconstruct the missing data. Therefore, the workload on the surviving disks roughly doubles during degraded-mode
operation. In the same situation, declustered layouts only require (k — 1) reads; this improves both response times
and the highest |oad that the array can sustain. To summarize, PRIME providesthe best overall performancefor reads,
except for smaller access sizes under high loads. By using read-ahead techniques such as the prefetching policies
discussed in [18], PRIME can deliver very significant performance improvements.

5.2 Writes

Figure 6 shows the response times for failure-free writes. Again, response times are very similar for the three layouts
in the 8KB case. For al larger accesses, PRIME shows better performance than Parity Declustering—and the differ-
ence increases with the access size. Figure 7 shows the average number of seeks per logical access measured during
our smulations. PRIME’s working sets are larger or at least equal to Parity Declustering’s. Unlike in the read case,
seek counts are always larger for Parity Declustering. Since both effects favor PRIME, its response times are substan-
tially better for al loads—and the difference increases with access size. For 120KB accesses, Parity Declustering is
28% slower under light loads and 64% under high loads; for 192KB accesses, the differences are 66% and 181%,
respectively. PRIME can process a much higher write load using the same hardware.

RAID-5 has much higher response times than the declustering layouts for 48KB accesses. Thisis because, even
though all three layouts satisfy the large write optimization, the stripe size is 13 for RAID-5, compared with 4 for
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Figure 7: Write seek counts.

PRIME and Parity Declustering. Therefore, writes to a whole stripe will occur much more often for the declustered
layouts than for RAID-5. In fact, RAID-5 isimplementing all its writes as “small writes’ in the 48KB case—that is,
reading the old values of data and parity, using them to compute the new parity, and writing the new data and parity.
It is easy to see that this requires at least twice as many physical accesses than full-stripe writes. This effect is less
pronounced for larger access sizes, but PRIME has a substantial performance advantagein all our experiments.

Regarding degraded mode, responsetimes for PRIME and Parity Declustering are slightly better thanin the failure-
free case (by a very small margin). Thisis a well-known phenomenon: when performing large writes in degraded
mode, the disks actually do less work in most cases, because they do not have to write to the failed disk. The RAID-5
response times degrade with respect to failure-free mode, more significantly for smaller access sizes. For 8KB and
48K B accesses, all logical writes span lessthan half astripe, so RAID-5would ideally implement them as small writes.
However, when one of the disks containing modified data has crashed, every logical write must be implemented as
a “large write"—that is, reading the data units that will not change instead of the ones that will. Therefore, while
large writes never occur for RAID-5 in failure-free mode, they are quite common in degraded mode. Moreover, since
no logical write involves more than half the data units of the stripe, implementing it as a large write results in more
physical reads. The average number of physical accesses per logical write is therefore higher in degraded mode. This
effect isless pronounced for larger access sizes, when some large writes do occur even in failure-free mode.

5.3 Reconstruction Access Distribution

We evaluated the real deviation from the optimal reconstruction access distribution for a series of examples. Figure 9
shows the results of calculating it for avariety of n’sand k’s and comparing it with the optimal value (k — 1) /(n — 1).
The table contains data for three “target values’ of the reconstruction workload, .25, .5 and .75. That is, for agiven
target value aq,4, the values of n and k are chosen so that avope (1, k) = (kK —1)/(n — 1) isas close as possible to, but
never more than, aq4. FOr agivenn, thisis accomplished by setting & = |atqrg(n — 1) | + 1. The measure of how
well RELPR meetsthe target for agiven n (and derived k) isthe ratio of the actual calculated reconstruction workload
QReipr (1, k) to the optimal value (k — 1)/(n — 1).

The bound 7 is often not very tight. For example, if n = 32, then (n — 1)/¢(n) = 31/16 = 1.94; athough, the
actual value of agerpr (1, k)/ ctopt(n, k) islessthan 1.3 for all k£ > 3, and less than 1.04 for all £ > 15. We observe
that as either n or k increases, generally speaking, the deviation from the ideal diminishes aswell. As expected, the
deviations from the ideal are larger when ¢(n) is smaller relativeto n.
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Figure 8: Write response times: Degraded mode

6 Conclusions

In this paper we have characterized the declustering disk arrays that admit an ideal layout satisfying all six criteria
identified by Holland and Gibson. We actually constructed the layouts during our existential proof. To the best of
our knowledge, no previously published layout satisfies all criteria. Unfortunately, optimal solutions turned out to be
possible only for a very restricted set of configurations: except for three specia cases, ideal layouts are only possible
for very high declustering ratios or for aversion of declustered mirroring.

By relaxing some of the initial constraints, a much larger variety of configurations can be accommodated. If an
imbalance of one request during large reads is tolerated, the PRIME layouts can satisfy all other conditions optimally
for a prime number of disks. For the general case, the RELPR layouts satisfy four of the conditions, relaxing the
parallelism as above and having a slightly suboptimal distribution of reconstruction accesses.

We eval uated the performance of the new layouts on asimulation testbed under avariety of access sizes and failure
scenarios. The results show that the new layouts have considerably better performance than previously-existing alter-
natives for large accesses, where throughput is typically improved by afactor of approximately 2.5. For read accesses
smaller than 120K B, our layouts have a slight performance disadvantage under heavy loads. PRIME and RELPR also
outperform their competitors during degraded-mode operation when a failure has occurred. Non-declustered layouts
like RAID-5 performwell for readsin failure-free mode, but thereis a significant performance degradationin response
times for writes and for degraded-mode operation. Moreover, the duration of online reconstruction of afailed disk is
substantially longer for RAID-5, resulting in amore significant degradation of the quality of serviceand in longer time
intervals of vulnerability to unrecoverablefailure [11].

Acknowledgements: We thank Jai Menon for helpful discussions on issues of data layout for disk arrays, William
Courtright for his help with RAIDframe, and John Hobby for creating M etaPost.
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Appendix: Definitions and Proofs

A Formal Definition of Placement-ldeal Layouts

These are five of the six desirable properties of layouts described by Holland and Gibson [11]. For some of the
properties, we also give measures of the “ goodness” of alayout for cases where the property is not optimally satisfied;
two of these measures were defined in [16].

1. Failure Correcting. In order to be able to reconstruct the contents of up to f failed disks, it is necessary that no
two units on the same stripe are mapped to the same disk. That is, for every stripe s (0 < s < b — 1) and every
vandu' with0 < u < u' < k, disk((s, u)) # disk((s, u')).

2. Distributed Check Information. A layout has optimally distributed check information if every disk containsthe
same number of check units. That is, there is a number p,,: such that, for every disk d (0 < d < n), there
are exactly p,p; stripes s such that there existsan ¢ with 0 < ¢ < f such that disk((s,k — f +4)) = d. Since
there are atotal of bf check units, if they are optimally distributed we must have p,,; = bf/n (= rf/k), so
n must divide bf (so k must divide r f). In general, the check overhead of alayout is defined in [16] to be the
maximum, over all disksd, of the fraction of the locations on disk d that contain check units. Check information
isoptimally distributed iff the check overheadis f/k.

3. Distributed Reconstruction. If disk d fails then, for every other disk d’, the number of units that must be read
from disk d' to reconstruct the contents of disk d is the number of stripes that contain units mapped to both d
and d’. Disksd and d' share stripe s if there are v and u’ with 0 < w,u’ < k — 1 such that disk((s,u)) = d
and disk((s,u")) = d'. A (single-failure-correcting) layout has optimally distributed reconstruction if thereisa
number A, such that, for every pair of disksd andd’ (0 < d < d' <n — 1), disksd and d’ share exactly A,
stripes. Assuming that the layout is single-failure-correcting, it is known that A,,; = r(k — 1)/(n — 1). (To
see this, note that r stripes have some unit mapped to disk d, so (k — 1) units of these stripes are mapped to
other disks. Therefore, on the average, each of then — 1 other diskssharer(k — 1)/(n — 1) stripeswith disk d.
If the number of stripes shared is the same for every pair of disks, each disk d’ with d' # d must share exactly
the average number with disk d.) The number ), is often expressed as afraction o, = (K — 1)/(n — 1) of
the number r of units on adisk, and called the declustering ratio [11]. In general, the reconstruction workload
of alayout is defined in [16] to be the maximum over al pairs of disksdandd' (0 < d < d' < n — 1) of
A(d, d")/r, where \(d, d') is the number of stripes s such that d and d' share stripe s. In analogy with aop,
we denote the reconstruction workload of alayout L by ar,. So L has optimally distributed reconstruction iff
ar=(k—-1)/(n—1).

4. Large Write Optimization. A layout hasthe large write optimization property if the space of client dataaddresses
isbroken into b “stripe intervals’, each stripe interval containingm = k — f consecutive addresses, such that
each stripeinterval is mapped to the same stripe. Since stripe names are arbitrary and the names of the data units
in astripe are arbitrary, we can define alayout to have this property if, for every client data address a,

stripe(a) = (|a/m |, a mod m). (15)

That is, the stripeintervals of client data are mapped to stripesin order of increasing stripe number, and the units
within astripe interval are mapped to the stripein order of increasing unit number within the stripe.

5. Maximal Parallelism. A layout has maximal parallelism if the addresses of client data in any interval {¢,t +
1,...,t+n — 1} of n consecutive addresses are mapped to . different disks, so that these n. units of data can be
readinparallel. Thatis, for every starting point ¢t with0 < ¢ < bm—n andevery i andi’ with0 <i < i’ <n-—1,
wehavedisk(t+1i) # disk(¢+"). Ingeneral, for alayout L we definethe function 71, (o), the parallel read time,
to be the maximum number of time units needed to read in parallel any o consecutive units of client data. That
is, 71, (0) isthe maximum, over al disksd and al t with0 < ¢ < bm — o, of the number of i’swith0 < i < o—1
and disk(t + i) = d. For any o between 1 and the number bm of client dataunits, it must bethat 71, (o) > [o/n].
Say that alayout L has optimal parallelism if 7, (o) = [o/n] for @l o. It follows from Lemma 2 that alayout
has maximal parallelism iff it has optimal parallelism.
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A layout is placement-ideal if it satisfies all five of these properties optimally. Note that the first three properties
concern only the mapping of stripes to disks, the fourth concerns only the mapping of client data to stripes, and the
fifth concerns only the (implied) mapping of client data to disks. Large write optimization can always be achieved if
we are willing to ignore parallelism. Moreover, if the layout has optimally distributed check information, it is easy to
see that optimal parallelism can always be achieved if we are willing to ignore large write optimization.

Since the distributed reconstruction property is only defined for layouts that tolerate a single failure, our charac-
terization of ideal layouts (done in thefirst part of this appendix) will only be applicable to layouts tolerating asingle
failure as well. However, the PRIME and RELPR almost-ideal layouts can tolerate an arbitrary number f < & of
failures as shown in Sections 4.1 and 4.2. For simplicity and to unify this presentation, we will only discuss the case
f = lintheremaining part of thisappendix. The proofsfor PRIME and RELPR can be generalized in a straightforward
manner to arbitrary values of f. Following common usage, we will speak of “parity” instead of “check” for the most
usua variant of f = 1.

B Possibility and Impossibility of Placement-ldeal L ayouts

First, we review some simple definitions and facts from number theory. For positive integers  and y, the notation x|y
meansthat x dividesy (i.e.,, y = zx for someinteger z). The greatest common divisor of x and y, denoted ged(x, y),
is the largest integer ¢ such that gz and g|y. Integers « and y are relatively prime if gcd(z,y) = 1. The following
elementary fact will be used often.

Fact 1 If y and n, are relatively prime and ¢ and j are integers with 1 < i — j < n — 1, theniy #Z jy mod n.

It follows from this fact, for example, that if y and n are relatively prime, then the residuesiy mod n fort < i <
t +n — 1 areadl distinct, for any integer ¢. In this section we completely determine the combinations of parameters
n, k,r for which placement-ideal layouts are possible. Our main focus is on determining the combinations of n and
k that allow placement-ideal layouts. Regarding r, as noted in the discussions of distributed parity and distributed
reconstruction, if there is a placement-ideal layout with parameters n, k, r, then k|r and (n — 1)|(r(k — 1)); we call
these the divisibility conditions. For the combinations of n and & that allow placement-ideal layouts, we show that
thereis a placement-ideal layout for any » meeting the divisibility conditions (in particular, any r that isa multiple of
k(n—1)). For thecombinationsof » and k that do not allow placement-ideal layouts, for nor isthere a placement-ideal
layout with parametersn, k, r.

We begin by showing that the large write optimization property and the maximal parallelism property together
determine how stripe data units are mapped to disks. The first step is to show that the maximal parallelism property
determines how client datais mapped to disks, up to arenaming of the disks.

Lemma 2 If a layout has the maximal parallelism property, then there is a way to name the disks 0, 1,...,n — 1 such
that disk(a) = @ mod n for every address a of client data.

Proof. By maximal parallelism, thefirst n units of client data, (with addresses0, 1, ...,n — 1) are mapped to different
disks. Rename the disks, if necessary, so that disk(a) = a for 0 < a < n — 1. Consider the following statement:

disk(a) = a mod n foral a with0 < a < A. (16)

The rest of the proof is by induction on A. Thebasis A = n — 1 holds by the way the disks are renamed. Assume
that (16) holds for some A withn — 1 < A < b(k — 1) — 2. We prove that it holds for A + 1. By maximal
parallelism, the n addressesa for A — n + 1 < a < A must be mapped to n. different disks, and the n addresses a for
A—n+2<a< A+ 1must bemappedto n different disks. So we must havedisk(A + 1) = disk(4 —n+1). Since
disk(A—n+1) = A —n+ 1 mod n byinduction,and A + 1 = A — n + 1 mod n, this completesthe proof. O

Lemma2 and our convention (15) for mapping client data to stripes determine how stripe data units are mapped to
disks. Thesequence of stripe dataunitswith addressesin theorder (0, 0), (0,1),...,(0,k-2),(1,0),(1,1),..., (1, k—
2),(2,0) ... must be mapped to the disks in round-robin order. This fact is stated in the next lemma, which is key to
our proofs of impossibility of placement-ideal layouts.

Lemma 3 If a layout has the large write optimization and maximal parallelism properties, then (for some naming of
the disks and the stripe units) the mapping of stripe data units to disks is given by disk((s,u)) = ((k—1)s+u) mod n
forall sandall u with0 < u < k — 1.
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Thus, in a placement-ideal layout, the mapping of stripe data unitsto disksis fixed; the only freedomisin the mapping
of stripe parity units.

Another consequence of Lemma 2 is that repeating a placement-ideal layout produces a placement-ideal layout.
Thisfact is used in constructions showing possibility of placement-ideal layouts.

Lemmad4 If L' is a placement-ideal layout and if L is obtained by repeating L’ any number of times, then L is
placement-ideal.

Proof. Clearly, L issingle failure correcting and has large write optimization. It is easy to see that the parity overhead
and the reconstruction workload of L are identical to those of L', so if L' is optimal in one of these measures then
Lisdso. It remains only to consider optimal parallelism. Let L' have parameters n, k,r' and let o' = r'n/k be
the number of stripes. Since L' has optimally distributed parity, n dividesb’. So n divides b’ (k — 1), the number of
units of client data mapped by L'. So for each copy of L', the last unit of client data mapped by the copy has address
congruent to (n — 1) mod n, and the first unit mapped by the copy has address congruent to 0 mod n. It follows that
disk(a) = a mod n for the entirelayout L, so L has optimal parallelism. O

We can now state and prove the characterization of when placement-ideal layouts are possible.

Theorem 5 There is a placement-ideal layout with parameters n, k, r iff
klr and (n — 1)|(r(k — 1))

and one of the following holds:

1. k=n,

2. k=n-1,

3. k=2,

4. k=3andn =>5o0r7,
5. k=4andn ="7.

Proof. We begin by disposing of the case £ = n, which iswell known. If ¥ = n = 7/, the left-symmetric RAID5
layout [15] is placement-ideal. For any r with k|r (i.e., r'|r), a placement-ideal layout is obtained by repeating this
layout r /7' times.

Intherest of the proof, we assumethat £ < n. The proof is broken into several cases. In some of the cases, we let
theinteger ¢ = r/k, 0
gk(k —1)

n—1 "~
Of the r = ¢k locations on each disk, ¢(k — 1) hold data units and ¢ hold parity units. We also use the following
terminology. We say that stripe s starts at disk d if disk((s,0)) = d. If stripe s starts at disk d and if the layout is
placement-ideal, then by Lemma 3 the data units of stripe s are mappedto disksd,d + 1,...,d + k — 2 mod n. We
say that disks d and d’ share stripe s in data-data if there are data units of stripe s mappedto d andto d’. Disksd and
d' share stripe s in parity-data if a data unit of stripe s is mapped to one of d or d’ and the parity unit of stripe s is
mapped to the other one.
Casel. k > 3.
Casel.1. ged(k —1,n) > 1.
Caselll k=n—1.

In this case, placement-ideal layouts are possible. Since gcd(k — 1,n) > land k — 1 = n — 2, it must be that
ged(k — 1,n) = 2,andn and k — 1 are both even. We describe a placement-ideal layout L’ with parametersn, k, '
with ' = k. Sothereare b’ = n stripes, and A,,; = k — 1. The construction is illustrated in Figure 10 for n = 6.
(In this figure and subsequent ones in this proof, we do not write the names of data units in stripes since they are
determined by Lemma 3. Ds represents a data unit in stripe s, and Ps represents the parity unit.) In general, the
mapping of stripe data units to disksin layout L' is determined by Lemma 3. For each k with0 < k < (n/2) — 1,
there are two stripes that start at disk 2k. (For every odd d, there is no stripe that starts at disk d.) Say that disksd are

r=gqk, b=gn, and A,,; =
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DO DO DO DO D1 D1
D1 D1 D2 D2 D2 D2
D3 D3 D3 D3 D4 D4
D4 D4 D5 D5 D5 D5
P2 P5 P1 P4 PO P3

Figure 10: A placement-ideal layout withn = 6 and k& = 5.

D0 DO DO D1 D1
D1 D2 D2 D2 D3
D3 D3 D4 D4 D4
P4 P1 P3 PO P2

Figure 11: A placement-idea layout withn = 5 and k = 4.

d + 1 are an even pair if d is even. For each even pair d,d + 1, there are exactly two stripes that have no data unit
mapped to either d or d + 1, namely, the two stripes that start at disk (d + 2) mod n. One of the parity units of these
two stripes is mapped to d and the other parity unit is mapped to d + 1 (in either order). It is not hard to see that (i) if
d and d’ belong to the same even pair then d and d’ share k — 1 stripesin data-data and share no stripes in parity-data;
and (ii) if d and d' do not belong to the same even pair, then d and d’ share k — 3 stripesin data-data and share 2 stripes
in parity-data, for atotal of k — 1. Therefore, L' is placement-ideal.

For any r with k|r (i.e., '|r), the layout L’ can be repeated to obtain a placement-ideal layout with parameters
n,k,r.

Casel.12. k<n—2.

In this case, placement-ideal layouts are impossible. Suppose that a placement-ideal layout L with parameters
n,k,r exists. Let ¢ = r/k = b/n. Let ged(k — 1,n) = g > 2. By Lemma3, for every i with0 < i < n/g, there are
gq stripesthat start at disk ig. We first argue that disks 0 and 1 share (in data-data) every stripe that starts at disk O, or
disk n — g,ordiskn —2g,0r...,ordiskn — ((k—1)/g — 1)g. To seethis, it is enough to show it for the smallest
non-zero starting pointd = n — ((k — 1) /g — 1)g. If astripe s starts at this disk d, then the data unit (s, k — 2) is
mapped to disk d' = (d + (k — 2)) mod n. Substituting the value of d into the expression for d’, asimple calculation
showsthat d' = g — 1 > 1, sodisks 0 and 1 share stripe s. So the number of stripes shared by disksO and 1is at least
((k—1)/9)gqg = q(k —1). Butsincek <n — 1,

qgk(k —1)

gk —1) > —]

= >\opta

so L does not have optimally distributed reconstruction.
Casel1l2. ged(k —1,n) = 1.

It follows from Lemma 3 and Fact 1 in this case that, if the layout is placement-ideal, then for every disk d
(0 <d < n—1)thereareq stripesthat start at disk d.

Casel2l. k=n—1.

In this case placement-ideal layouts exist. We describe a placement-ideal layout with parameters n, k, ' where
r' =k (and b’ = n). Stripeunit (s, u) ismappedtodisk ((k—1)s+u) modnfor0 <s<n—1land0<u <k-—1.
Thelayout isillustrated in Figure 11 for n = 5. Since ged(k — 1,n) = 1, it follows from Fact 1 that each disk holds
exactly one parity unit, so parity is optimally distributed. Note that for each stripe s, there is exactly one disk d that
does not contain a unit of stripe s (namely, d = ((k — 1)s — 1) mod n); call thisd the “hole” of stripe s. For any two
disksd and d’, the two disks share every stripe s such that neither d nor d’ isthe hole of s. The number of such stripes
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D0 DO D1 D1 D2
D2 D3 D3 D4 D4
P4 P2 PO P3 P1
D5 D5 D6 D6 D7
D7 D8 D8 D9 D9
P6 P9 P7 P5 P8

Figure 12: A placement-ideal layout withn = 5 and k& = 3.

D0 DO D1 D1 D2 D2 D3
D3 D4 D4 D5 D5 D6 D6
P2 P6 P3 PO P4 P1 P5

Figure 13: A placement-ideal layout withn = 7 and k& = 3.

isn —2 =k — 1 regardless of the choice of d and d’, so the layout has optimally distributed reconstruction. For any
with &|r, thislayout is repeated r/ k times.
Casel22. k=n-2.

We first show that in this case there are no placement-ideal layoutsif n > 6. Suppose that L is a placement-ideal
layout with parametersn, k,r wherek =n —2andn > 6 (S0 k > 4). Let g = r/k = b/n. We claim that disks 0 and
3 shareat most g(n — 6) stripesin data-data. A stripe that starts at disk 1, 2, or 3 has no data unit mapped to disk 0. A
stripe that starts at disk 4, 5, or 6 mod 7 has no data unit mapped to disk 3. Recall, as noted above, that in every case
with ged(k — 1,n) = 1 there are ¢ stripes that start at disk d, for every d. So disks 0 and 3 do not share in data-data
any of the 6¢ stripes that start at disks 1 through 6 mod n. Since there are atotal of gn stripes, this proves the claim
that disks 0 and 3 share at most ¢(n — 6) stripes in data-data. Since any disk contains exactly ¢ parity units, disks 0
and 3 contain together 2¢ parity units, so they can share at most 2¢ stripesin parity-data. Therefore, disks 0 and 3 can
share at most ¢(n — 6) + 2q = q(n — 4) stripes. But

_gk(k—1) _q(n—2)(n—3)

= = -4
Aont n—1 n—1 > a(n=4),

so L does not have optimally distributed reconstruction.

Sincek > 3 and k = n — 2, and since we have handled the case n > 6, the only other possibility under the current
caseisn = 5 and k = 3. Thisisone of the special cases where a placement-ideal layout ispossible. A placement-ideal
layout withn = 5, k = 3,and r' = 6 isshownin Figure 12. Thedivisibility conditionsin this case are 3|r and 4|(2r).
These together imply that 6|, so the layout of Figure 12 can be repeated.

Casel23. k<n-3.

By an argument similar to ones that have already been given, it is not hard to see that, in any placement-ideal
layout, disks O and 1 share at least ¢(k — 2) stripes in data-data. Specifically, disks O and 1 share in data-data every
stripethat starts at disk —i mod n for 0 < ¢ < k — 3. Wefirst show that placement-ideal layouts areimpossiblein this
caseif k > 5. Suppose a placement-ideal layout L does exist. Now

ak(k—1) _ gk(k—1)
- k+2

The first inequality follows from & < n — 3, and the second (strict) inequality can be verified by calculation using
k > 5. So L does not have optimally distributed reconstruction.

We next show that placement-ideal layouts areimpossible in this case if n > 8 and either k = 3 or k = 4. Thisis
true because it can be verified by calculation that, in these cases, A,,: = (gk(k — 1))/(n — 1) < g(k — 2).

Aopt: <q(k—2)

n—1
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D0 DO DO D1 D1 D1 D2
D2 D2 D3 D3 D3 D4 D4
D4 D5 D5 D5 D6 D6 D6
P1 P6 P4 P2 PO P5 P3

Figure 14: A placement-ideal layout withn = 7 and k = 4.

Sincek > 3 and k£ < n — 3, and since we have shown impossibility if n > 8, the only remaining cases are
(n,k) = (7,3), (7,4), (6,3). Thecase (n,k) = (6,3) was shown impossible in Case 1.1.2, since gcd(2,6) = 2.
Figure 13 shows a placement-ideal layout for n = 7 and & = r’ = 3. Figure 14 shows a placement-ideal layout for
n = T7andk = r' = 4. These can be repeated for any  with k|r.

Case2. k= 2.

In this case, placement-ideal layouts are possible for any n. We consider two subcases depending on whether n is
odd or even. The subcases are very similar and both are based on the complete block design with & = 2.

First assume that n is odd. For every pair of disksd,d’ with0 < d < d' < n — 1, there is a stripe mapped
to disks d and d'. The number of stripesisb’ = n(n — 1)/2, sor' = 2b'/n = n — 1. Thislayout has optimally
distributed reconstruction, since every two disks share one stripe. To assign the parity units, give each stripe a name
of the form (z,y) where0 < z < nand1 < y < (n — 1)/2. The stripe with name (z,y) contains the two disks
z and (z + y) mod n. This naming gives one copy of the complete block design with £ = 2. To seethislet d,d’
be any two disk nameswithd < d'. If ' —d < (n — 1)/2 thentakingz = d andy = d' — d names the stripe. If
d—d>(n-1)/2thentakex = d' andy = d — d’ + n. For each stripe (z,y), let disk = contain the data unit and
disk (z + y) mod n contain the parity unit. Parity is optimally distributed because, for each fixed y, the parity disk
(z + y) mod n hits every disk exactly once as x ranges from 0 to n — 1. Since each disk contains the same number
of data units (namely, (n — 1)/2) and since each stripe contains only one data unit, it is clear that we can map client
data units to stripe data units to achieve optimal parallelism. Large write optimization holds trivially, so thislayout is
placement-ideal. The divisibility conditionsfor k£ = 2 are 2|r and (n — 1)|r, and this layout can be repeated for any r
with (n — 1)|r.

The case n even is very similar. The only difference is that we use two copies of the complete block design to
produce a placement-ideal layout with ' = n(n — 1) and ' = 2(n — 1). Parity units are assigned as above, where
now the names are (z,y) for0 < z < nand1 < y < n. If n iseven, the divisibility conditions 2|r and (n — 1)|r
together imply that (2(n — 1))|r, so the layout can be repeated for any r satisfying the divisibility conditions.

This completes the proof of thetheorem. O

For all of the casesin which placement-ideal layouts have been shown to exist, it should be clear (except possibly
in the case k£ = 2) that the mapping functions can be efficiently computed. For the case £ = 2, the mapping functions
are similar to those described for the PRIME layouts in Section 4.1. (In this case, it is not needed that » is prime.) A
difference hereis that, since only one unit of each stripe contains client data, the mapping of client data addresses to
disks can be disk(a) = a mod n for al a, giving optimal parallelism. In the case n even, the mapping functions are

z = la/n]
disk(a) = amodn
offset(a) = 2z
y = (zmod(n—1))+1
check-disk(a) = (a+y)modn
check-offset(a) = 2z+1.

If n is odd, the only differenceisthat fewer valuesfor y areused (that is, 1 < y < (n — 1)/2), s0 (n — 1) should be
replaced by (n — 1) /2 in the computation of y.

Because the mappings are efficiently computablein all cases for which placement-ideal layouts exist, we can state
(at aninformal level) that Theorem 5 holdswith “ideal” in place of “placement-ideal”.
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C Almost Ideal Layouts

Since Theorem 5 shows that ideal layouts are possible only for very limited choices of n and k, it is reasonable to
investigate how the situation changesif some of the propertiesare required to hold only approximately. In Section C.1,
it is shown that for any prime n and any &, there are layouts that optimally satisfy all five of the properties, except that
the parallel read time can be one time unit more than optimal. In Section C.2, we suggest alayout for general n and k.
Here the layouts differ from ideal in two ways: the parallel read time can be one time unit more than optimal, and the
reconstruction workload is not optimal if n is not prime.

The following definition and result are used to give an upper bound on the parallel read time of these layouts.
Define an-block of client data addressesto be any interval {¢,¢ + 1,...,¢ + n — 1} of n consecutive addresses such
that n divides the starting point ¢t. Say that a layout L has maximal parallelism on n-blocks if the addresses in any
n-block are mapped to n different disks. (Thisis aweaker property than having maximal parallelism.)

Lemma6 If a layout L has maximal parallelism on n-blocks, then its parallel read time satisfies 7, (o) < [o/n] + 1
for all o.

Proof. Consider an arbitrary interval I = {¢,t + 1,...,t + o — 1} of o consecutive client data addresses, for an
arbitrary o and ¢. Let 7, (I) be the maximum, over all disks d, of the number of a € I with disk(a) = d. If T is
contained in asingle n-block, then 71, (I) = 1 and [o/n] = 1. If I isnot contained in asingle n-block, then let n1, ny
with 0 < ny,ne < n and j with 5 > 0 be such that I consists of n; addresses of some n-block, followed by all the
addressesin the next j n-blocks, followed by n, addresses of the next n-block. Soo = ny + jn+ns. If ny = ny =0,
then,(I) = j and [o/n] = j. If at least one of n, ny is greater than zero, then 7, (I) < j + 2 since I spans at most
j + 2 n-blocks, and [o/n] > [(jn +1)/n] =j + 1. Inevery case, 7.(I) < [o/n] +1. O

C.1 Almost Ideal Layoutsfor Primen

The layout, which we call PRIME, is obtained from one of the ring-based block designs of Schwabe and Sutherland
[16]. Inthe basic layout (which is repeated to obtain larger layouts) each stripe has a name of the form (z, y) where
0<z,y<n-—1landy # 0. Thus, thereare b = n(n — 1) stripes. The stripe with name (z, y) has its units mapped
to disksin the set

{(x+iy)modn | 0<i<Ek-1}.

It follows from Theorem 1 of [16] that this mapping of stripes to disks gives alayout that is single failure correcting
and has optimally distributed reconstruction. For completeness, we repeat the arguments here, since they are simple
in this special case, and since some of the arguments apply to the layout in the next section.

First, since n is prime, n is relatively prime to every y with 1 < y < n — 1; it then follows from Fact 1 that
this mapping never maps two units of the same stripe to the same disk, because the residues iy mod n are distinct for
0<i<k-1.

To see that the stripe units can be mapped one-to-one onto the disk locations, it is enough to note that, for each
disk name dy, there are exactly r = bk/n = k(n — 1) stripe units mapped to disk dy. Thisfollows since, for each of
the k valuesof ¢ with0 < ¢ < k — 1 and each of then — 1 values of y with1 <y < n — 1, thereis exactly one value
of z withdy = (z + iy) mod n.

To show that the layout has optimally distributed reconstruction we must show that every pair of disks share
Aopt =r(k—1)/(n—1) = k(k — 1) stripes. Fix any two disks d and d'. The disks share the stripe with name (z, y)
iff thereare, i’ with0 <i,i’ < k— 1andi # i’ such that

d=(z+iy)modn and d = (x +i'y) mod n.

Subtracting these two equations gives (d — d') = (i — i')y mod n. Since n is prime, the integers modulo n are a
field. Sincei — i’ # 0, (i — ") hasamultiplicative inversein this field, so for each pair (i,4’) there is exactly one y
with (d — d') = (i —i")y mod n, namely, y = (d — d')(i — ')~ mod n. Moreover, fixing i and y fixes z, namely,
x = (d — iy) mod n. Therefore, for each of the k(k — 1) pairs (i,i"), thereis exactly one stripe (z, y) such that disks
d and d' share stripe (z,y). Moreover, different pairs (i,4") yield different stripes (z, y).

We take the unit mapped to disk (z + (k — 1)y) mod n to be the parity unit of stripe (z,y). Parity is optimally
distributed since, fixing any value for y and letting = range from 0 to n — 1, the value (z + (k — 1)y) mod n hits
every disk exactly once. In the case of multiple-fault-tolerance with f > 1, the check units of stripe (z,y) are the
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D00 DO0.1 D02 D10 D11
D12 D20 D21 D22 D30
D31 D32 D40 D41 D42
P4 P1 P3 PO P2
D50 D6.0 D51 D6.1 D52
D62 D72 D7.0 D80 D71
D81 D91 D82 D92 D90
P9 P5 P6 P7T P8

Figure 15: Illustrating the mapping of stripesto array locations for the PRIME layout.

units mapped to disks (z + iy) mod n for k — f < i < k — 1. The same argument shows that check information is
optimally distributed in this case because, fixing y and i, the value (z + iy) mod n hits every disk exactly once as x
rangesfrom0ton — 1.

To complete the description of the layout, we must describe how client data units are mapped to stripe units and
how stripe units are mapped to disk offsets. Since we already have a convention (15) for mapping client datato stripes,
we are, in effect, describing how the stripe unit names of the form ((z,y),i) with0 <z <n-1,1<y <n-—1,and
0 <i < k — 1, correspond to stripe unit names of the form (s,u) with0 < s <n(n—1)—1land0 < u < k — 1;
although, it is more natural to think in terms of mapping client data units to stripes, using stripe names of the form
(z,y). For the record, however, the correspondenceis given by:

y=l|s/n]+1, z=sy(lk—1) modn, i=u.

We now explain what this meansin terms of mapping client data units to stripe units, and thusto disks. Recall that the
client data addresses are divided into stripe intervals of length k£ — 1 each. Thefirst n stripe intervals, and therefore
the first (k — 1)n units of client data, are mapped to stripes with names (z, y) wherey = 1. (Since the following
description is useful for other y’s, we describe it in terms of a“general” y instead of the specificy = 1.) Thefirst
stripeinterval is mapped to stripe (0, y), so data address a is mapped to disk ay mod n for 0 < a < k — 2. The next
stripe interval is mapped to stripe ((k — 1)y mod n,y), So the mapping of address a to disk ay mod n holds for this
stripeinterval (k — 1 < a < 2(k — 1) — 1) aswell. Following stripe interval s are mapped to stripes

(2(k — 1)y mod n,y), (3(k — 1)y mod n,y), (4(k — 1)y mod n,y), ...

until n stripe intervals have been mapped. It is easy to see that the mapping of data address a to disk ay mod n holds
foral 0 < a < (k—1)n. Atthispoint, (k — 1)n stripe data units have been mapped into. Assign these (k — 1)n data
unitsto the first & — 1 offsets (filling up lower numbered offsets first), and assign the parity units of the stripes (x, y)
(0 < z < n — 1) to the next offset. This pattern is repeated with increasing values of y; i.e., the next (k — 1)n client
data units are mapped as above with y = 2, the next (k — 1)n are mapped with y = 3, and so on. The mapping is
illustrated in Figure 15forn = 5,k = 4, andy = 1, 2, so stripes 0 through 9 are being mapped to offsets 0 through 7.

The mapping functions from client addresses to array locations have been listed in the body of the paper. Since
the mapping of client addresses to disks within any n-block is a mapping of the form ay mod n for somey, it follows
from Fact 1 that the layout has maximal parallelism on n-blocks. Using Lemma 6, this shows the following.

Theorem 7 For every prime n, every k with 2 < k < n, and every r such that (k(n — 1))|r, the layout PRIME is
single failure correcting, has optimally distributed parity, has optimally distributed reconstruction, has large write
optimization, and has parallel read time (o) < [o/n] + 1 for all o.

C.2 Lessldeal Layoutsfor General n and &

The layout PRIME does not work for general (non-prime) n since it might not be single failure correcting. A solution,
which we investigate in this section, is to restrict the y's to be relatively prime to n. Following the definitions in

23



Section 4.2, we consider the layout with stripes defined as in the previous section, but restricted to those with names
(z,y) where0 <z <n-—1landy € Y. We cal thislayout RELPR (for Relatively Prime). The number of stripes
isb =mn-¢(n). The number of units per disk isr = bk/n = k- ¢(n). Again, for each stripe (z,y), we let the unit
mapped to disk (z + (k — 1)y) mod n be the parity unit. Thelayout RELPR is single failure correcting, has optimally
distributed parity, and each disk contains r stripe units; the arguments are identical to those given in the previous
section for PRIME.

To map client data to stripes, we again divide the space of client data addresses into blocks of length (k — 1)n,
where each block contains n stripe intervals, and all such stripe intervals are mapped to stripes (z, y) with afixed y
and0 < z < n — 1. Themapping is alittle more complicated than beforeif gcd(k — 1,n) > 1.

Fixsomey € Y, andlet g = gcd(k — 1,n). Then stripeintervalsthat are mapped to stripes (x, y) for thisfixed y
are mapped to stripes with the 2’s chosen in the following order, where all numbersin thislist are reduced modulo n:

0, (k= 1)y, 2(k — 1)y, (5 =Dk =1y,

v, y+ (k =1y, y+2(k -1y, -y (G- D=1y,

2y, 2y + (k - 1)y, 2y +2(k -1y, -+ 2+ (§F-1kE-1y,
(9-1y, (9-Dy+(k—-Dy, (g-Dy+20k—1y, - (9= Ly+(2—1)(k -1y

Thereareatotal of n numbersin thislist, that is, g “rows’ with /g numbersin each row. We must show that if =
and z’ are different elements of thislist, then z #Z =’ mod n (we need this so that every stripe (z,y) for0 <z <n-—-1
is used). Suppose for contradiction that x = «’ mod n. There are two cases. First, suppose that = and =’ belong to
the same row of thelist. Thenn divides (j — j')(k — 1)y for some j, j' with0 < j' < j < n/g. Sincen and y are
relatively prime, this implies that n divides (j — j')(k — 1). Since g = ged(k — 1,n), it follows that n/g divides
(j—7)(k—1)/g)andthat n/g and (k — 1) /g arerelatively prime. Son /g divides (j — j'), whichisacontradiction
becausel < j —j' < n/g. Thesecond caseisthat = and z' belong to different rows of thelist. Now g dividesz — z’,
since g dividesn, and n dividesx — ' by assumption. For 0 < i < g — 1, every element in the ith row of thelist is
congruent to 7y mod g, since g divides k£ — 1. So we have that ¢ divides (i — ')y for somei,i’ with0 < i’ < i < g.
Since g|n and ged(y,n) = 1, it follows that ged(y, g) = 1, so g divides (i — '), which is a contradiction because
1<i—i'<g.

For 0 < i < g — 1, the number of elements in the ith row of thelistisn/g. So the number of client data units
mapped using z’s from the ith row is (n/g)(k — 1). Since g|(k — 1), this number of data units is a multiple of n.
Moreover, the same function, (iy + ay) mod n, is used for mapping all of these data unitsto disks. Sincey and n are
relatively prime, it follows from Fact 1 that this mapping of client data to disks has maximal parallelism on n-blocks.
So the parallel read time of the layout RELPR is, by Lemma6, at most one time unit more than optimal. By placing
the parity units at every kth offset as was done for the layout PRIME, the mapping of client datato array locations for
the layout RELPR is calculated using the formulas presented in Section 4.2.

It remains to consider the reconstruction workload of RELPR. The best general upper bound on « geip,, that we
have been ableto proveis:

aRelpr (na k) S (17)
Therefore, in the worst case,
QReipr (N, k) (n—1)
opt (na k) d)(n)

Even though the bound (n — 1)/¢(n) may not be good in many cases, the calculations of actua reconstruction
workloads does suggest that the “bad” n's, i.e., the n’s that have large reconstruction workloads, are those for which
¢(n) issmall comparedton. Thisisalso consistent with the fact that, if n is prime, then RELPR isthe same as PRIME,
¢(n) = n — 1 (as large as possible compared to 1), and areipr (1, k) = aope(n, k) (8s good as possible). Since
r =k - ¢(n) for the basic RELPR layout, the bound (17) isimmediate from the following lemma.

IN

Lemma 8 For the RELPR layout with parameters n, k,r where r = k - ¢(n), any two disks share at most k(k — 1)
stripes.

Proof. Fix any two disks d and d’ with d # d'. If disksd and d' share stripe (z,y) thend = (x + iy) mod n and
d = (z+i'y) mod n for somei, i’ with0 < i,i’ <k —1landi # 4. Sincei and y determine x, we can bound the
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number of shared stripes by bounding the number of solutions (i, ', y) to this pair of congruences. Letting A = d—d'
andd =i — 17,
A = dy mod n. (18)

We bound the number of solutions (i,i’,y) for 6 > 1. By symmetry, we get an upper bound on the number of solutions
for al ¢ by doubling the upper bound for the case 6 > 1.

We first observe that, for afixed ¢, if (18) has any solution y then ged(A,n) = ged(d,n). Thisis true because,
if thereisasolution y, then A — dy = zn for some integer z. Therefore, if w is any integer that divides both n and
d, then w also divides A. So gcd(6, n) dividesged(A,n). Also, if w divides both n and A, then w divides §y. Note
that ged(w, y) = 1: for if w > 2 and u divides both w and y, then u divides both n and y, which contradicts the fact
that ged(y,n) = 1. Therefore, w divides §. So ged(A,n) divides ged(d,n). This establishes the observation that
ged(A,n) = ged(d,n). In particular, if (18) has any solution y, then ged(A, n) must divide d. It is known that (18)
has at most ged(d, n) solutionsy. Summarizing, for afixed d, if (18) has any solutiony, then gcd(A, n) dividesd, and
there are at most gcd(A, n) solutions y.

If (18) hast solutionsy, again for afixed value of §, then this produces¢(k — ¢) solutions (i,4', y), since0 < i’ <
i <k-1andi— i = 4. Fromthis, it is not hard to see that the total number of solutions (,4’,y) is maximized
if gcd(A,n) = 1 and (18) has one solution y for each value of §. For example, if gcd(A,n) = 3, then there are
no solutions y for § = 1,2, and at most 3 solutions y for 6 = 3, thus producing at most 3(k — 3) solutions (i,i’,y)
for 6 = 1,2,3. On the other hand, if there is one solution y for each of § = 1,2, 3, this produces a larger number
(k—1)+ (k—2) + (k— 3) of solutions (i, ', y).

If thereis one solution y for each value of § > 1, the total number of solutions (i,i’,y) producedis1 + 2+ --- +
(k—1) = k(k — 1)/2. Doubling this bound to include 6 < —1 givesthe bound claimedinthelemma. O

Properties of the layout RELPR are summarized in the following.

Theorem 9 For every n, every k with 2 < k& < n, and every r such that (k- ¢(n))|r, the layout RELPR is single failure
correcting, has optimally distributed parity, has large write optimization, has reconstruction workload bounded above
by (k — 1)/¢(n), and has parallel read time 7(0) < [o/n] + 1.
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